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Abstract 

The paper is concerned with the topical issues of regional economics – urban inequality in 

the Russian Federation. Empirical investigations of Zipf's law were studied in the foreign and 

Russian literature. Application of this law for assessment of urban inequality using the 

method of least squares was substantiated. Assessment of urban inequality within the 

boundaries of the RF federal districts by the indices of population, volume of own production 

of goods and services is carried out in the paper. The authors used the data of the Federal 

State Statistics Service for 2014, the investigation included the settlements with the status of a 

town and with the population over 100 thousand people. Zipf's law displays over the entire 

territory of Russia. By the population index in the federal districts, Zipf's factor varies within 

the range from – 0.7 (Northwestern Federal District) to – 0.9 (North Caucasian Federal 

District). As a result of the performed analysis of the Russia's cities by the population index, 

Zipf's factor is within the range from –0.3 (Northwestern Federal District) to –1.2 (Central 

Federal District). Analysis of the volume of production of goods and services determined the 

range of Zipf's factor from –0.26 (North Caucasian Federal District) to – 0.7 (Central and 

Volga Federal Districts). By the index of population and volume of production of goods and 

services the following "primate cities" are determined: Moscow and Saint Petersburg, 

Yekaterinburg (population), which allows to draw a conclusion on their dominance in urban 

system and high differentiation of cities by these indices. The obtained empirical estimators 

prove that Russia has no intermediate group of cities macroregional centers. The results of the 

investigation can be used for creation of methodological tools to develop the mechanisms of 

smoothing of interregional inequality, program of economic and social development of cities. 
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1. Introduction  

Russia ranks first in the land area and 181th – in population density in the world, which 

defines a unique feature of distribution of its cities and economic activity in the territorial 

area. The main feature consists in confrontation of large capital cities and basic mass of cities. 

Interregional inequality creates a range of problems for modern Russia; high income 

differences, concentration of competitive advantages within the same territories and their 

deficit within the other ones are worsened by social inequality. The problems of unequal 

access to employment market, education, public health service intensify, that threatens the 

integrity of the country and social and political stability. Different mechanisms of smoothing 

the interregional differentiation are put into practice: budget interregional transfer deeds, 

support of "priority development areas", implementation of modernization of monotowns 

(single-industry towns). In the course of the mentioned measures, understanding of 

concentration of resources, population, companies in the cities as a source of economic 
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growth is essential. Russia's cities are a special subject for investigation of interregional 

differentiation. The range of urban population varies from 1 thous. people to 12 108.3 thous. 

people.; population density in cities – from 9.1 per km
2
 to 7,165 per km

2 2
; production volume 

– from RUB 10.8 mln. to RUB 5,653,126 mln
3
. . Geographical and climatic conditions which 

strongly differ within the Russian Federation territory have effect on the economic 

development of a city. 

The investigation objective, the results of which are given in this paper, is analysis of 

urban inequality with application of Zipf's law by a variety of the indices: population, 

population density, volume of own production of goods and services. 

The authors chose Zipf's law as a tool for assessment of urban inequality due to 

applicability of this empirical law for a number of economics spheres that is proved in the 

papers of foreign economic researchers: distribution of profits of companies testifies that 

income statistics complies with Zipf's law (Ramsden & Kiss-Haypal, 2000); assessment of 

hierarchy of city sizes (Blank & Sorin, 2000); "Pareto index – a measure of spatial inequality" 

(Soo, 2005); 

2. Review of Investigations 

To achieve the stated objective, let us consider the known empirical studies on these 

topics, found in foreign economic literature. Vilfredo Pareto brought up a concern with 

income distribution inequality as early as in 1896 (Flux& Pareto, 1896). The scientist 

considered wealth distribution among regions and determined that it was utterly unequal: 20% 

of the population has 80% of the benefit (wealth), and 80% of the population − only 20% of 

the benefit – the rule "the wealthy become wealthy" (Flux& Pareto, 1896). F. Auerbach 

(1913), having proved the power-series distribution for city sizes, offered the hypothesis of 

empirical dependence between a city size (its population) and its rank in the hierarchy of 

cities of a region or country (Auerbachи, 1913).Thereafter, the provision of F. Auerbach was 

improved by D. Zipf. The term "Zipf's law" provides that within the territory distribution by 

city size is subject to Pareto's distribution with the index equal to a unit value. The other 

definition of Zipf's law consists in the fact that if large cities are ranked in descending order of 

their population, then relation of population of two cities will be inversely proportional to 

relation of their ranks. M. Naldi studies four indices (Gini, Bonferroni, Amato, Herfindahl–

Hirschman) for their application under the conditions described by Zipf's law (Naldi, 2003). 

The Herfindahl–Hirschman index displays flexible behavior and, consequently, is capable to 

solve (expanding) variations in distribution of economic magnitude described by Zipf's law. 

T.Rosen and M. Reznik (1980) were the first who carried out complex investigations by the 

example of 44 countries. Approbation of Zipf's law showed that maximum Pareto index takes 

place in Australia (1.9), minimum one is typical for Morocco (0.8). The researchers state that 

the index is overrated in Australia, and relate this case to exceptions. If Australia is removed 

from the sample collection, then Nigeria becomes the leader by Pareto index − 1.5 (Rosen  & 

Resnick, 1980). Kolomak (2014), analyzing Zipf's law in relation of Russian cities concluded: 

from stability of distribution of city size it follows that there may be population fluctuations 

for separate cities, however, this is not accompanied by increase (or decrease) of irregularity 

in urban system and processes of urban population concentration (or deconcentration) 

(Kolomak, 2014). Validity of Zipf's law is affirmed for Japan and France: urban structures 

remain stable over time (Zipf's factor is not changed) ( Eaton & Eckstein, 1997). 

For many countries and periods Zipf's factor significantly differs from 1 (it is often 

revealed that Zipf's factor is < 1), and is not constant over the long term (Soo, 2005; Nitsch, 

2005). The urban system where growth of cities does not depend on their size is able to 

generate Zipf's law in a steady state (Gabaix, 1999). In the context of expanding economics, 

Zipf's law requires average growth of cities, in order not to depend on their size (Córdoba, 

2008). Zipf's law properly describes urban systems of countries which had no control of sizes, 

location of cities and internal migration of population (Kolomak, 2014). 

Foreign scientists introduce the term "principal city" (primate city) a large city which is a 

financial and political center of the country. Availability of the "primate city" in the country is 

indicative of spatial development imbalance "progressive core and lagging periphery" (Baker 

& Phongpaichit, 2009). 
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3. Methodology 

Zipf's law concerning distribution of city size is represented by a nonlinear relation 

between city ranks (r) and its size (s), sometimes this rule is called "rank-size". It may be 

recorded in the form of the following formula: 

 
Respectively, city size s will be equal to 1, 1/2, 1/3, etc. if city rank r is equal to 1, 2, 3. 

The largest city is twice as large as the second one, etc. and thrice as large as the third one, 

etc. This equation is typical for economic phenomena in distribution of income and sizes of 

companies (Soo, 2005). 

Power expression of Zipf's law is represented as follows: 

 
where х is quantity, k is a constant, α is exponent of power law. This law is known as a 

Pareto distribution.  

Plausible methods were suggested by M. Goldstein (2004),  M. Newman (2005), who base 

on the Kolmogorov-Smirnov test for determination of distribution as per the power law. The 

methods are used not only to comply with the data (or a part of the data) as per the power law 

but also to determine to what extent these data are suitable in comparison with the other types 

of distribution. Te index is set by the following formula (Jiang & Jia, 2011): 

    (4) 

α means a assessable exponent, xmin is minimum value which power function distribution 

achieves. In Zipf's law, the exponent equals to a unit. 

The Kolmogorov-Smirnov test modified by A. Clauset (Clauset et al., 2009), allows to 

obtain maximum compliance: city size complies with the power law distribution. The main 

idea consists in maximum distance (δ) between data on cumulative density function and the 

model: 

 
where f(x) is cumulative function of synthetic data with the value not less than xmin , and 

g(x)  is cumulative function of power law distribution which complies with the condition 

x>xmin in the best way. 

Zipf's law or Pareto distribution is an expression of the power law. In the empirical 

literature for assessment of the power law function exponent the method of least squares is 

used. Its advantage consists in the fact, that it provides visual criteria according to the law. 

For large-scale samples such as financial data it is precise enough (Gabaix & Ioannides, 

2004): 

 
Where: 

Inrank is a logarithm of city rank; 

Insize is city population; 

K is a parameter of distribution, Zipf's rating which inclines linear dependence between 

city size and city rank.  Zipf's law is observed subject to K=1, that is the largest city к times as 

large as к-th city by size. At К<1 sizes of large cities more predicted by Zipf's law; at К>1 

distribution of cities of more uniformly predicted by Zipf's law. 

During investigations using Zipf's law, determination of sampling size is important 

(Brakman, et al., 2009):  

– to use fixes quantity of cities (for example,  100 cities per sampling); 

– to determine threshold level of index (for example, cities with population more than 100 

thous. people). 
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4. The data 

For analysis of urban inequality using Zipf's law we used the data of the Federal State 

Statistics Service for 2014. The investigation included settlements with status of a city and 

population from 100 thous.  people, that was imposed by absence of the data in the statistics 

digests for small towns. Testing of Zipf's law was carried out using the method of least 

squares. 

5. Results 

Let us classify Russia's cities by population as follows: small towns – population up to 20 

thous. residents, medium-size cities – from 20 thous. to 100 thous. residents, big cities – from 

100 thous. to 250 thous. resident, large cities – from 250 thous. to 1 mln. residents. 

Considering this classification let us analyze the RF cities in 2014 г. (Table 1)
4
. 

 

Table 1 Classification of Russia's cities by population in 2014. 

 

Within the Russia's territory a majority of cities is of medium size. In a number of districts 

small towns prevail: in the Central Federal District − 45% of total number, in the 

Northwestern Federal District − 56%.The analysis results show that on average the number of 

small and medium towns is five times the number of big and large cities.  

The diagrams reflecting display of the rank-size rule (Zipf's law) by the index of 

population in the cities at the regional level of Russia are given in Figure 1 
5
. 
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Figure 1. Rank-size relationship by population index, calculated for Russia's cities by Federal 

Districts, 2014. 

 

a) Central Federal District 

 

b) Northwestern Federal District 

  

 

c) Southern Federal District 
d) North Caucasian Federal District 

 

  

 

e) Volga Federal District 
f) Ural Federal District 
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g) Siberian Federal District 

 

 

h) Far Eastern Federal District 

  

Legend: + - observed; − predicted. 

In the Central Federal District the population distribution corresponds to Zipf's law except 

for six largest cities (490,500-1,014,600 people). As the diagram shows, Moscow is a 

"primate city", where 52 % of sampling population is concentrated.  In the Northwestern 

Federal District Zipf's law is not fulfilled: the estimated data coincide with linear ones in 

Murmansk (299.1 thous. people, Petrozavodsk (272.1 thous. people), Ukhta (99.2); Saint 

Petersburg – "primate city" within the Northwestern Federal District. The estimated data show 

validity of Zipf's law within the territory of the Southern Federal District. Rostov-on-Don is 

an exception: its population is lower than one predicted nu Zipf's law. The analysis of city 

sizes in the North Caucasian Federal District revealed the deviation from Zipf's law. It is 

particularly remarkable that city sizes are more uniform than they are predicted by the law. 

Within the territory of the Volga Federal District large cities from 1,169,200 to 1,263,900 

people are exception to Zipf's law. (Nizhny Novgorod, Kazan, Samara). 

The Ural Federal District has a "primate city" that is Yekaterinburg. Zipf's factor obtained 

at calculations is more than a unit that is indicative of more uniform city sizes, than they are 

determined by Zipf's law. In the Siberian Federal District Novosibirsk (1,547,900 people), 

Omsk (1,166,100 people) do not fall within the scope of Zipf's law. Within the territory of the 

Far Eastern Federal District the estimated data are lower than predicted ones in Vladivostok, 

Artem, and higher than predicted ones in Khabarovsk.   

The population density analysis results for the cities with population more than 100 thous. 

people using Zipf's law are given in Figure 2 
6
. 

Figure 2. Rank-size relationship by population density index, calculated for Russia's cities by 

Federal Districts, 2014. 

 

a) Central Federal District 

 

b) Northwestern Federal District 
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c) Southern Federal District 

 

d) North Caucasian Federal District 

 

  

 

e) Volga Federal District 

 

f) Ural Federal District 

  

 

g) Siberian Federal District 

 

h) Far Eastern Federal District 

  

Legend: + - observed; − predicted. 

The city with maximum population density is located within the territory of the Central 

Federal District (Odintsovo, the Moscow Region), in the Central Federal District distribution 

of urban population partially corresponds to Zipf's law. According to the diagram Zipf's law is 

not applied to the cities with low population density (261.4 per km
2
– 1098.6 per km

2
) and 

cities of the Moscow Region, population density of which is higher than 5724 per km
2
. It is 

worthy of note that the regional centers and Moscow fall within the scope of the "rank-

population density" rule within the boundaries of the Federal District. In the Northwestern 

Federal District relation between city population density in and rank is weak (R
2
=0.4). Zipf's 

factor has low value (0.3), that is indicative of high differentiation of the analyzed index, 

inequality of population concentration in the cities within the boundaries of the Federal 

District. In the Southern Federal District the "rank-population density" relationship is 

moderate. Incompliance with Zipf's law is observed in Sochi, Taganrog, Rostov-on-Don. In 

Novorossiysk and Kamyshin the observed values correspond to the predicted ones. In the 
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North Caucasian Federal District Zipf's factor is maximum close to 1, that is indicative of 

uniform population concentration in the cities. The cities with low density, such as Magas, 

Nazran; with high density, such as Nalchik, Khasavyurt may be an exception. In the Volga 

Federal District the Zipf's law validity is observed in the cities the density range of which is 

within 583.9-2,855.7 people per km
2
. In the Ural Federal District the "rank-population 

density" relationship is moderate. The diagram shows that Zlatoust, Miass (low population 

density), Chelyabinsk, Pervouralsk (high population density) do not fall within the scope of 

Zipf's law. The obtained data are indicative of nonuniform distribution of population within 

the Ural Federal District boundaries. The analysis of Zipf's law in the cities of the Siberian 

Federal District shows wide differentiation of the analyzed index. Population density of 

Novosibirsk (the leader in the index within the Siberian Federal District boundaries – 3,095.8 

per km
2
) exceeds the lowest index several dozens times (Norilsk – 39.3 people per 

km
2
).Within the territory of the Far Eastern Federal District nonuniform concentration of city 

population is observed that confirms low Zipf's factor of 0.48. The estimated data coincide 

with those predicted in Magadan, Artem. In Khabarovsk and Vladivostok (the highest 

population density) 30 % of city population of the Federal District is concentrated. 

The volume of production of goods and services is an important economic index of the 

city. Figure 3 shows the results of the analysis of this index within the boundaries of the 

Federal Districts of the Russian Federation
7
. 

Figure 3. Rank-size relationship by index of volume of production of goods and services, 

calculated for Russia's cities by Federal Districts, 2014. 

a) Central Federal District 

 

b) Northwestern Federal District 

 
 

 

c) Southern Federal District 
 

d) North Caucasian Federal District 
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e) Volga Federal District f) Ural Federal District 
 

 

g) Siberian Federal District 
h) Far Eastern Federal District 

  

Legend: + - observed; − predicted. 

The Central Federal District displays strong relation of "rank-volume of production of 

goods and services". As the diagram shows, high differentiation on the analyzed index is in 

Moscow ("primate city"). In Serpukhov, Novomoskovsk, Yaroslavl the estimated data 

coincide with predicted ones. The Northwestern Federal District shows the similar situation: 

the production volume in Saint Petersburg ("primatecity") is widely differentiated within the 

Federal District. As the diagram shows, in Pskov, Naryan-Mar, Cherepovets the estimated 

data coincide with the predicted ones. The analysis of the sampling of the Southern Federal 

District cities showed relative uniformity of the production volume in the cities: the estimated 

data coincide with those predicted in Rostov-on-Don, Kamyshin, Maikop. Within the territory 

of the North Caucasian Federal District Zipf's law is not fulfilled, and wide differentiation of 

the analyzed index is observed. In Vladikavkaz the estimated data coincide with the predicted 

ones. Taking into account the analysis results, it is possible to conclude that uniformity by the 

analyzed index is observed in the Volga Federal District, according to R
2
 =0.85 the "rank-

production volume" relation is strong. The estimated data coincide with those predicted in 

Nizhnekamsk, Syzran. In the Ural Federal District own production in the cities is nonuniform: 

Zipf's factor is 0.47. The diagram shows wide differentiation of the index within the 

boundaries of the Federal District; in Kopeisk and Kamensk-Uralski the estimated data 

coincide with the predicted ones. In the Siberian Federal District the volume of production in 

the cities is nonuniform: the estimated data coincide with the ones predicted in Biysk, 

Novosibirsk, Irkutsk, Kemerovo. In the Far Eastern Federal District low value of Zipf's factor 

allows to conclude that the production is concentrated in separate cities and wide 

differentiation of the analyzed index takes place. The estimated data coincide with those 

predicted in Magadan, Komsomolsk-on-Amur. 

By the index of population and volume of production of goods and services the following 

"primate cities" are determined: Moscow and Saint Petersburg, Yekaterinburg (population), 

which allows to draw a conclusion on their dominance in urban system and high 

differentiation of cities by these indices. 

Summary statistics of the obtained investigation results is given in Table 2. 
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Table 2 Results of Zipf's law check in the Federal Districts of the Russian Federation in 2014. 

Federal District 

Quantity of 

observations in 

a federal 

district, units 

 

Minimum 

index value 

Maximum 

index value 

Zipf's factor 

for district 

cities 

Population, thous. people 

Central 44 101.9 12,108.3 - 0.9 

Northwestern 13 99.2 5,132 - 0.7 

Southern 16 104 1,109.8 - 1 

North Caucasian 15 103.1 578 - 1.33 

Volga 31 105.1 1,096.7 - 0.97 

Ural 20 107.5 1,169.4 - 1.17 

Siberian 22 101.7 1,547.9 - 0.93 

Far Eastern 13 102.4 603.2 - 1.2 

Population density, people per km
2
 

Central 41 261.4 7165 -1.2 

Northwestern 13 9.1 3,657.8 -0.3 

Southern 16 135 3,180 -0.8 

North Caucasian 15 377.5 3,558.9 -0.98 

Volga 31 349.5 3,244.3 -1.1 

Ural 19 92.1 2,334.6 -0.75 

Siberian 22 39.3 3,095.8 -0.7 

Far Eastern 13 24.1 155.7 -0.48 

Volume of production of goods and services, mln. RUB 

Central 44 8,521.7 5,653126 -0.7 

Northwestern 13 9,030.2 2,160,129 -0.5 

Southern 14 2,340.6 8,060.2 -0.4 

North Caucasian 14 10.8 6,1834.6 -0.26 

Volga 32 16,603 668,254.5 -0.7 

Ural 19 2,089.7 376,257.3 -0.47 

Siberian 23 1,151.5 601,058.3 -0.5 

Far Eastern 13 2,040.6 110,497 -0.5 

 

We investigated the displays of Zipf's law by the indices of population, population density, 

volume of production of goods and services within the boundaries of the RF federal districts. 

This allowed us to determine the following aspects. At large, Zipf's law displays over the 

entire territory of Russia. By the population index in the federal districts, Zipf's factor varies 
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within the range from – 0.7 (Northwestern Federal District) to – 1.33 (North Caucasian 

Federal District).  

As a result of the performed analysis of the Russia's cities by the population index, Zipf's 

factor is within the range from –0.3 (Northwestern Federal District) to –1.2 (Central Federal 

District). The obtained data allow to conclude that the urban population is distributed 

unifromly within the territory of the North Caucasian Federal District. Analysis of the volume 

of production of goods and services determined the range of Zipf's factor from –0.26 (North 

Caucasian Federal District) to – 0.7 (Central and Volga Federal Districts). 

6. Conclusion 

The analysis performed allows to draw the following conclusions: The processes of spatial 

concentration of economic activity take place in Russia. Availability of primate cities by the 

indices of population and volume of production of goods and services (Moscow, Saint 

Petersburg, Yekaterinburg (population)) highlights a worrying situation in social and 

economic space of the Russian Federation. Remarkable separation of Moscow and Saint 

Petersburg from the subsequent group of cities and high population density of the Moscow 

Region determine them as centers of interregional attraction. The obtained empirical 

assessment proves that Russia has no intermediate group of cities macroregional centers. The 

results of the investigation can be used for creation of methodological tools to develop the 

mechanisms of smoothing of interregional differentiation, program of economic and social 

development of cities. 

ENDNOTES 
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